Abstract. In this article, we discuss fixed point results for (ε, λ)-uniformly locally contractive self mapping defined on ε-chainable G-metric type spaces. In particular, we show that under some more general conditions, certain fixed point results already obtained in the literature remain true. Moreover, in the last sections of this paper, we make use of the newly introduced notion of λ-sequences to derive new results.
Introduction and preliminaries
Fixed-point theory is an important and flourishing area of research of pure and applied mathematics. Its relevance is due to the fact that in many real life problems, it is a key mathematical tool used to establish the existence of solutions. Although the basic ideas for fixed-point theory came from metric space topology, the last decades have seen a rapid growth of the theory in metric-type spaces, see [2, 8] where concepts like startpoint, endpoint were introduced, as "fixed-point like" theory. We also know from Mustafa [12, Proposition 5] that every G-metric space is topologically equivalent to a metric space but G-metric spaces and metric spaces are "isometrically" distinct.
Many fixed point in G-metric type spaces appear in the literature and the works by Jleli [6] , Kadelburg [7] , Mohanta [10] , Mustafa et al. ([11, 13, 14, 15] ), Patil [16] , Tran Van An [18] and many more, are very enlightening on the subject. In [1] , we began the study of fixed point for certain maps defined on G-metric type spaces. Our purpose in the present paper is to pursue this study by providing new fixed point results. We make use of the idea of orbitally complete and ε-chainable G-metric type spaces as well as the concept of (ε, λ)-uniformly locally contractive mapping that we introduce in this paper. We also show how the idea of λ-sequence can be used to prove some of these results. The method builds on the convergence of an appropriate series of coefficients. Recent and similar work can also be read in [4, 17] .
We recall here some key results that will be useful in the rest of this manuscript. The basic concepts and notations attached to the idea of G-metric type spaces are merely copies of those introduced for G-metric spaces and can be read extensively in [12] but for the convenience of the reader, we here recall the most important ones.
First Results
We begin with the following property. Definition 2.1. ( [11] ) Let (X, G, K) be a G-metric type space. A mapping T : X → X is called Lipschitzian if there exists k ∈ R such that G(T x, T y, T z) ≤ kG(x, y, z) (2.1)
for all x, y, z ∈ X. The smallest constant k which satisfies the above inequality is called the Lipschitz constant of T , and is denoted Lip(T ). In particular T is a contaction if Lip(T ) ∈ [0, 1).
Theorem 2.2. Let (X, G, K) be a G-complete G-metric type space and T : X → X be a mapping such that T n is Lipschitzian for all n ≥ 1 and that
Proof. Let x ∈ X. For any n, h ≥ 0, we have
This forces (T n x) to be a G-Cauchy sequence. Since X is G-complete, then (T n x) converges to some point x * ∈ X.
Claim 1: x * is a fixed point of T. On the one hand we have
hence we get
Letting n tends to ∞, we get G(x * , T x * , T x * ) = 0
Claim 2: x * is the only fixed point of T. If a * is a fixed point of T , then
Instead of the property (G5), a more natural condition is what appears in [12, Definition 3]
] for any points x, y, z, z 1 ∈ X for some constant K > 0. Theorem 2.3. Let (X, G, K) be a G-complete G-metric type space where G satisfies (G5') instead of (G5). Let T : X → X be a mapping such that T n is Lipschitzian for all n ≥ 1 and that lim n→∞ Lip(T n ) = 0. Then T has a unique fixed point x * ∈ X if and only if the orbit {T n x, n ≥ 1} is bounded 2 for some x ∈ X. In fact, if there exists x * such that T x * = x * , then T is a Picard operator.
Proof. It is clear that when T has a fixed point, say u ∈ X, then its orbit {T n u, n ≥ 1} = {u} is bounded. Now let x ∈ X and assume that the orbit {T n x, n ≥ 1} is bounded, i.e. there exists α ≥ 0 such that G(T n+h x, T n x, T n x) ≤ α for any n, h ≥ 0. Hence, we have
is a G-Cauchy sequence, hence (T n x) converges to some x * as X is G-complete. The remaining part of the proof follows the same idea as in Theorem 2.2.
The two above results generalise the ones appearing in [12] , in the sense that the mapping T involved does not have to be a contraction, hence the condition on {Lip(T n )}.
Main results
Let (X, G, K) be a G-metric type space. We present here a few fixed point results for (ε, λ)-uniformly locally contractive mapping defined on X. We begin with the following definitions. 
Definition 3.3. Let T be a self mapping defined on a G-metric type space (X, G, K). The space (X, G, K) is said to be T -orbitally complete if and only if for any a ∈ X every G-Cauchy sequence which is contained in {a, T a,
Remark 3.4. We know that the Banach contraction requires the original space to be complete but this assumption can be difficult to realise and often we just need the convergence of a specific type of sequences, namely the ones generated by the orbits and for this, the idea of orbitally completeness comes as a substitute for the metric completeness. For instance if we let X = [0, ∞) with G(x, y, z) = max{|x − y|, |y − z|, |z − x|} and define on X the map T : X → X by T x = x(x + 1) −1 . Then one can convince oneself that even though (X, G) is not complete, T is orbitally continuous and X is T -orbitally complete.
Remark 3.5. Theorems 2.2 and 2.3 remain true if instead of requiring the space (X, G, K) to be G-complete, we just assume that (X, G, K) is T -orbitally complete and T orbitally continuous. Definition 3.6. Let (X, G, K) be a G-metric type space. For x, y ∈ X, x = y, a path from x ∈ X to y ∈ X is a finite sequence {x 0 , x 1 , · · · , x n }, n ≥ 1 of distinct points of X such that x = x 0 and y = x n . In this case, n will be called the degree 3 of the path.
Definition 3.7. The G-metric type space (X, G, K) will be called ε-chainable for some ε > 0 if for any two points x, y ∈ X, x = y, there exists a path {x
Example 3.8. Let X be a non-empty set. We endow X with the discrete G-metric:
Definition 3.9. Let (X, G, K) be a G-metric type space. A self mapping T defined on X is called locally contractive if for every x ∈ X, there exist ε x ≥ 0 and λ x ∈ [0, 1) such that
Definition 3.10. Let (X, G, K) be a G-metric type space. A self mapping T on X is called uniformly locally contractive if it is locally contractive and for every x, y ∈ X, x = y, ε := ε x = ε y ≥ 0 and λ := λ x = λ y ∈ [0, 1), i.e. the constants ε x , λ x do not depend on the choice of x ∈ X.
3.1. The sequential condition. Theorem 3.11. Let (X, G, K) be a G-complete G-metric type space and let T be a sequentially continuous 4 self mapping on X such that
2) for all x, y, z ∈ X where a n (> 0) for all n ≥ 1 are independent from x, y, z and 0 ≤ a 1 < . If the series a n 5 is convergent, then T has a unique fixed point in X.
Proof. Let x 0 ∈ X. We consider the sequence of iterates
3 Of course, every point is a path of degree 0. 4 Or just orbitally continuous. 5 It is enough that the sequence (a n ) converges to 0
Using property (G5), we can write:
So using (3.3), we get
Now since a n is convergent, we get that G(x n , x n+m , x n+m ) → 0 as n → ∞ and the sequence (x n ) is G-Cauchy. Moreover, since X is G-complete and T sequentially continuous, there exists
T has a unique fixed point.
In a similar way, one can establish that:
Theorem 3.12. Let (X, G, K) be a G-complete G-metric type space and let T be a sequentially continuous self mapping such that
for all x, y, z ∈ X where a n (> 0) for all n ≥ 1 are independent from x, y, z and 0 ≤ a 1 < 1 2
. If X is T -orbitally complete and that the series a n is convergent, then T has a unique fixed point in X.
The next two results are inspired by Theorem 2.3. Theorem 3.13. Let (X, G, K) be a G-complete G-metric type space and let T be an orbitally continuous self mapping on X such that
for all x, y, z ∈ X where a n (> 0) for all n ≥ 1 are independent from x, y, z and 0 ≤ a 1 < 1 2 . We assume that lim n→∞ a n = 0. Then T has a unique fixed point x * ∈ X if and only if the orbit {T n x, n ≥ 1} is bounded for some x ∈ X. In fact, if there exists x * such that T x * = x * , then T is a Picard operator. 6 Theorem 3.14. Let T be an orbitally continuous self mapping on a T -orbitally complete G-metric type space (X, G, K) such that
. We assume that lim n→∞ a n = 0. Then T has a unique fixed point x * ∈ X if and only if the orbit {T n x, n ≥ 1} is bounded for some x ∈ X. In fact, if there exists x * such that T x * = x * , then T is a Picard operator.
3.2.
The Φ-class extension. Let Φ be the class of continuous, non-decreasing, sub-additive and homogeneous functions
We have the following interesting result which generalises Theorem 3.11.
Theorem 3.15. Let (X, G, K) be a G-complete G-metric type space and let T be a sequentially continuous self mapping such that
for all x, y, z ∈ X where a n (> 0) is independent from x, y, z and 0 ≤ a 1 < 1 2
for some F ∈ Φ homogeneous with degree s. If the series a n is convergent, then T has a unique fixed point in X. Moreover T is a Picard operator.
which gives
Using property (G5) and 3.7, we can write:
As n → ∞, since F −1 (0) = 0 and F is continuous, we deduce that G(x n , x n+m , x n+m ) → 0 and the sequence (x n ) is G-Cauchy. Moreover, since X is G-complete and T sequentially continuous, there exists x * ∈ X such that (x n ) G-converges to x * and x n+1 G-converges to T x * = x * because (X, G, K) is Hausdorff. The uniqueness of x * is given for free by the condition (3.6).
In a similar way, one can establish that Theorem 3.16. Let (X, G, K) be a G-complete G-metric type space and let T be a sequentially continuous self mapping such that
and for some F ∈ Φ homogeneous with degree s. If X is T -orbitally complete and that the series a n is convergent, then T has a unique fixed point in X.
Remark 3.17. If we set F = Id [0,∞) in the Theorem 3.11, we obtain the result of Theorem 3.11; the same applies to Theorem 3.12 with regard to Theorem 3.16. We also define T (x) = and F −1 (0) = {0}. Assume x > y ≥ z. Hence we have
Observe that a n ≤ 1 n 2 < ∞ and a 1 = . The conditions of Theorem 3.15 are satisfied, so T has a unique fixed point, which in this case is x * = 0.
A more general result can be written as:
Theorem 3.19. Let T be an orbitally continuous self mapping on a T -orbitally complete G-metric type space (X, G, K) such that
for all x, y, z ∈ X where a n (> 0) for all n ≥ 1 are independent from x, y, z and 0 ≤ a 1 <
2
and for some F ∈ Φ homogeneous with degree s. We assume that lim n→∞ a n = 0. Then T has a unique fixed point x * ∈ X if and only if the orbit {T n x, n ≥ 1} is bounded for some x ∈ X. In fact, if there exists x * such that T x * = x * , then T is a Picard operator. -chainable G-metric type space (X, G, K), then T has a unique fixed point.
Proof. Let x ∈ X. If T x = x, then we are done. Else, since X is ε 2 -chainable, there exists a path {x = x 0 , x 1 , · · · , x n = T x 0 } from x to T x such that
Since T is (ε, λ)-uniformly locally contractive,
Hence, by induction
Moreover, by property (G5)
and the above induction, we conclude that
For l, m ≥ 1, and again from property (G5)
which establishes that {T n x} ⊆ {x, T x, T 2 x, · · · } is a G-Cauchy sequence and G-converges to some x * ∈ X since X is T -orbitally complete. Obviously x * is the desired fixed point by orbitally continuity of T . For uniqueness, if z * is a fixed point such that x * = z * , we can find a path or an
As m → ∞ G(x * , z * , z * ) = 0 and x * = z * .
We conclude this subsection with these examples.
Example 3.21. Let X = {0, 1} be endowed with the G-metric:
Let T : X → X be the mapping T 0 = T 1 = 0. It is easy to see that (X, G, 1) is
-chainable with ε = 4 and T -orbitally complete 6 . It can also be noticed that T is (ε, λ)-uniformly locally contractive with λ = 1 2 and T has a unique fixed point x * = 0.
Example 3.22. Let X = {0, 1, 2} be endowed with the G-metric:
Let T : X → X be the mapping
-chainable with ε = 4 and T -orbitally complete. Also notice that T is (ε, λ)-uniformly locally contractive with λ = 1 2 and T has a unique fixed point x * = 0.
Remark 3.23. In general, for a bounded G-metric type space (X, G, K), if we set δ := sup{G(x, y, z), x, y, z ∈ X}, then X is δ-chainable.
The λ-sequences setting.
This section aims at making use of the technique behind the λ-sequences in fixed point theory. In [1, 3] , we introduced the idea of λ-sequences in G-metric type spaces as follow:
6 The G-Cauchy sequences in the orbits are actually stationary Theorem 3.25. Let (X, G, K) be a G-complete G-metric type space, and let T be a sequentially continuous self mapping on X. Assume that there exist two sequences (a n ) and (b n ) of elements of X such y, z) ) for x, y, z ∈ X with x = y, 0 ≤ ∆ k i,j , Γ k i,j < 1/2, i, j = 1, 2, · · · , and some F ∈ Φ, homogeneous with degree s, where
) s is a non-increasing λ-sequence of R + endowed with the max 7 metric, then T has a unique fixed point in X.
Proof. Let x 0 ∈ X, we construct the sequence (x n ) by setting x n = T (x n−1 ), n = 1, 2, · · · . Notice that if there is n 0 ∈ N such that x n 0 = x n 0 +1 , then obviously T has a fixed point. Thus, suppose that x n = x n+1 for any n ≥ 0. Using (3.10) and the homogeneity of F , we obtain
Also, we get
By repeating the above process, we have
The max metric m refers to m(x, y) = max{x, y}
Hence we derive, by making use of the the property (G5) and the properties of F , that for p > 0
Now, let λ and n(λ) as in Definition 3.24, then for n ≥ n(λ) and using the fact the geometric mean of non-negative real numbers is at most their arithmetic mean, it follows that
As n → ∞, since F −1 (0) = {0} and F is continuous, we deduce that G(x n , x n+p , x n+p ) → 0. Thus (x n ) is a G-Cauchy sequence. Moreover, since X is G-complete and T is sequentially continuous, there exists x * ∈ X such that (x n ) G-converges to x * and (x n+1 ) G-converges to T x * = x * because (X, G, K) is Hausdorff. The uniqueness of x * follows from the contractive condition 3.10, since Γ k i,j < 1.
Indeed, for x * and z * fixed point of T , we have
As a particular case of Theorem 3.25, we state the following corollary.
Corollary 3.26. Let (X, G, K) be a G-complete G-metric type space, and let T be a sequentially continuous self mapping on X. Assume that there exista a sequences (a n ) of elements of X such
, i, j = 1, 2, · · · , and some F ∈ Φ, homogeneous with degree s, where
. If the sequence (r i ) where
) s is a non-increasing λ-sequence of R + endowed with the max 8 metric, then T has a unique fixed point in X. Following the notation in Theorem 3.26, we set a n =
We also define T (x) =
for all x ∈ X and and
continuous, non-decreasing, sub-additive and homogeneous of degree s = 1 2
and F −1 (0) = {0}. Assume without loss of generality that x > y ≥ z and i > j ≥ k. Hence we have
Moreover, since F is homogeneous of degree s = , the sequence
The max metric m refers to m(x, y) = max{x, y} 13 is a λ-sequence with λ = 1/2. The conditions of Corollary 3.26 are satisfied, so T has a unique fixed point, which in this case is x * = 0.
All the results of this section remain true if X is T -orbitally complete and T orbitally continuous.
3.5.
Variants of the λ-sequences hypothesis.
In this subsection, we give some fixed results that we shall not prove as their proofs follow immediately from the ones in the previous subsection.
Theorem 3.28. Let (X, G, K) be a G-complete G-metric type space, and let T be a sequentially continuous self mapping on X. Assume that there exist two sequences (a n ) and (b n ) of elements of X such 
) s is such that : i) for each j, k, lim sup i→∞ ( ∆ k i,j ) s < 1 and lim sup i→∞ ( Γ k i,j )
then T has a unique fixed point in X.
Theorem 3.29. Let (X, G, K) be a G-complete G-metric type space, and let T be a self mapping on X. Assume that there exist two sequences (a n ) and (b n ) of elements of X such
for x, y, z ∈ X with x = y, 0 ≤ ∆ k i,j < 1/2, i, j, k = 1, 2, · · · , and some F ∈ Φ, homogeneous with degree s, where ∆ k i,j = G(a i , a j , a k ) and Γ k i,j = G(b i , b j , b k ). If the sequence (r i ) where
) s is such that : i) for each j, k, lim sup i→∞ ( ∆ k i,j ) s < 1,
) s , then T has a unique fixed point in X.
3.6. Common fixed points via λ-sequences.
The author plans to study more thoroughly and with examples common fixed point results in another paper [5] but here is a first result of the kind.
Theorem 3.30. LetX be a G-complete G-metric space (X, G, K) and {T n } be a sequence of self mappings on X. Assume that there exist three sequences (a n ), (b n ) and (c n ) of elements of X such that 
) is a non-increasing λ-sequence of R + endowed with the max 9 metric, then {T n } have a unique common fixed point in X.
